We discuss the Nucleon Pair Approximation (NPA) of the shell model by a short review, which includes a history survey, its physical foundation, validity, and recent applications, as well as our perspectives.
INTRODUCTION
The nuclear shell model (SM) provides a firm framework to study low-lying states in nuclei. However, the configuration space of the SM truncated to a single major shell for neutrons and protons is too huge to handle for medium-mass and heavy nuclei. In order to study properties of low-lying states, one must truncate the shell model space.
Pair approximation is among one of the practical approaches along this line. The wave functions of a given nucleus can be constructed in arbitrary basis of the assumed configuration spaces. They can be built by coupling the valence particles stepwise, and this can be easily realized via the wellknown procedure of the Coefficients of Fractional Parentage (cfps). The configuration spaces can be also constructed by coupling the valence nucleon pairs with given spins. If all possible pairs are considered in the pair basis, the calculated results in the pair basis are equivalent to those of the exact shell model calculations. The Nucleon pair approximation (NPA) of the shell model refers to calculation in the nucleon pair basis with truncations of pairs, i.e., in the NPA only limited pairs are assumed to play important roles while others are neglected. The NPA is found to be very good and very useful approximations of the shell model for spherical and transitional regions.
Below we first present a brief discussion of the pair approximation, 5, 6 including a short history survey, the framework, efforts by other groups and the orientations in our views.
HISTORY SURVEY
The simplest pair approximation is the spin-zero pair (S for short) approximation for a single-j shell. Suppose the interaction between valence nucleons is the pairing interaction, the S pair approximation provides us with the exact solution for single-j shell. This scheme was generalized to many j shells (generalized seniority scheme 1 ). Similarly, broken pair approximation was developed to study systems represented by configurations with only one or two pairs are non-S pairs. The S-pair approximation was generalized to include collective spin-two (D) pair, called SD-pair approximation.
The SD-pair approximation has been very popular during 1970's-1990's in piles of papers. This is mainly because of the great success of the the interacting boson model (IBM) 2 suggested by Arima and Iachello in the 1970's. The physics of the SD-pair approximation is well recognized. Attractive pairing interactions and quadrupople correlations are the most important in the residual interactions of the shell model Hamiltonian. These two interactions favors configurations constructed to a large extent by pairs with spin zero and spin two, i.e., S and D pairs. As an approximation one uses the SD pairs to construct the model space. For a comprehensive review, see ref.
3 In the IBM, SD pairs are approximated to sd bosons. There is a similar model, called the Fermion Dynamical Symmetry Model (FDSM). 4 The FDSM is similar to the IBM in the sense that it assumes the monopole and quadrupole correlations in truncating the model space, and applications of group theory. The advantages of the FDSM are its simplicity and the fermionic degree of freedom. The disadvantages of the FDSM are the specific features of both its nucleon pairs and the Hamiltonian. The overlaps between the FDSM wave functions and the exact shell model wave functions are usually very small.
In 1993 Chen developed the Wick theorem for coupled operators. Based on this technique, he proposed the nucleon pair approximation (NPA)
5 of the shell model in which one diagonalizes the shell model Hamiltonian in a coupled nucleon pair subspace. This technique was further developed for odd-A and doubly odd nuclei in Ref.
6 Important features of the NPA are that both the pair structures and configurations are flexible, and that the Hamiltonian in the NPA is the same as that in the shell model. Explicit comparison between the NPA wave functions and the shell model wave functions demonstrates that the NPA is a very good approximation of the shell model.
FRAMEWORK OF THE PAIR APPROXIMATIONS
A collective nucleon pair with angular momentum r and z-component µ is defined by
where a and b represent the quantum numbers nlj (often just j for simplicity) of an orbit in the valence shell. The quantities y(abr) are called the structure coefficients of the collective pairs. The model space of pair approximations is constructed by coupling the pairs successively:
where A r0 † = C † a for an odd valence nucleon number case, and A r0 † = 1 for an even valence nucleon number case.
The Hamiltonian of pair approximation is in principle the same as that in the exact shell model. However, for the sake of simplicity one usually takes a phenomenological form (which is easy to handle) of the shell model Hamiltonian as follows.
Here H 0 is the single-particle energy term for valence neutrons and valence protons,
where σ = π, ν correspond to the proton and neutron degrees of freedom, respectively. Also, V 0 and V 2 correspond to the monopole pairing and quadrupole pairing interactions, respectively,
with
The q(ab) coefficients are given by q(ab) = 
where
is the quadrupole operator. We note here that the Hamiltonian of the NPA is not restricted to the above form; it might assume other forms as well. For instance, Lei et al. 7 assumed the GXFP1A interactions in studying the validity of pair approximation for single-closed shell nuclei. The application of a general form of two-body interactions to heavy nuclei is now in progress.
BRIEF REVIEW OF RECENT DEVELOPMENTS
In this section we discuss recent applications of the NPA, by Yoshinaga et al., and Luo et al., and ourselves.
The NPA was extensively applied to even-even nuclei with mass number around 130. This region has been of interest partly due to the O(6) pattern exhibited in low-lying states of a few even-even nuclei therein. Numerical calculations have been performed with different sets of parameters, see refs.
8-10 for details. These calculations paid attention to a few features of these nuclei. All calculations reasonably reproduce the O(6) behavior of the E2 transition rates as well as the energy levels. Some of the calculations concentrate on magnetic features. Generally speaking, the SD-pair approximations are good approximations for low-lying states, in particular, for the ground states, the first 2 + and 4 + states, and some non-yrast lowlying states. Yoshinaga et al. studied the contribution of a so-called H pair (alignment of two h 11/2 particles) in the yrast 6 + and 8 + states.
Recently the application of the NPA was extended to odd mass nuclei and odd-odd nuclei. [11] [12] [13] [14] Here the main concerns are dominant configurations in low-lying states, as well as the energy level schemes, and E2 and M1 transition rates. The NPA is found to be very powerful in finding the dominant configurations of the low-lying states. For example, Xu et al. 12 showed that the ( 13 Jiang et al. demonstrated that low-lying states of some even-even, odd-mass and odd-odd nuclei with mass number around 200 are usually well represented by very simple configurations in collective nucleon-pair basis. In ref.
14 Yoshinaga and Higashiyama studied the doublet bands of odd-odd Cs and La isotopes with mass number around 130, and claimed that these doublet bands are made of different angular momentum configurations of an unpaired neutron and an unpaired proton, weakly coupled with the quadurupole correlations of the corresponding even-even core.
The NPA was recently applied by Luo et al. to study the phase transitions. 15 They showed that the NPA is able to reproduce various phase transitions if special hamiltonians are assumed.
OUR PERSPECTIVES
What physics does the NPA play the best? On the one hand, it is the most important to study how nuclei, with all its apparent complexity and diversity, can be constructed out of neutrons and protons, and their interactions; On the other hand, it is also extremely important to understand the features of complexity in nuclei as simple as possible. In the conventional shell model framework, this is very difficult, because the shell model space is usually too huge to figure out dominant configurations among billions of configurations in the model space, with a very small amplitude for each of them. In the NPA, however, extraction of dominant configurations is possible. In ref.
13 wave functions of many low-lying states for nuclei with mass number around 200 are found to be well approximated by simple pairs.
There are two orientations of the NPA. One is to expand the configurations. Such expansions include the core excitations and dominant pairs with high spins. The core excitations were discussed for certain states. For heavy nuclei, excitations of cores are difficult to handle in conventional shell models but feasible in the NPA. Pair correlation in addition to SD pairs was already considered in many papers via a number of procedures. The other orientation of the NPA is to take more and more realistic interactions. Such efforts were devoted for single-closed nuclei. Hopefully we shall see the NPA calculations for heavy nuclei with both valence protons and valence neutrons in future.
The NPA was applied to spherical and transitional nuclei. Spherical nuclei can be also studied by using the shell model; in this case modern computers can perform the exact shell model calculations, because the dimension of model space is not too large. Transitional nuclei with large mass numbers are difficult for the shell model. The NPA is among the few microscopic approaches of low-lying states for such nuclei. There are many facets of collective motions in transitional nuclei. For sure the NPA will play an important role in studying such features.
There have been many discussions of the validity of pair approximation. Very recently, it becomes possible to perform the exact shell model calculations by using pair basis. This provides us with a powerful tool to investigate the wave functions of the NPA calculations in detail. This was done by Lei et al. in refs., 7, 16 where it was convincingly demonstrated that the pair approximation are indeed very good approximations of the full shell model space, although the dimensions of truncated pair basis are much smaller. However, there have been no convincing demonstration on validity of pair approximations yet, for heavy nuclei with both valence protons and valence neutrons. Prior to extensive applications of the NPA in the heavy nuclei, it will be extremely important to study the validity of the NPA by using the effective interactions.
DISCUSSION AND SUMMARY
In this paper we discuss the nucleon pair approximation of the nuclear shell model, including its history, physical foundation, validity, recent applications, and our perspective.
Finally we would like to point out, without details, that the pair approximations are very powerful not only in studying the structure of heavy nuclei, but also to exotic nuclear structure for light region. In the latter case many single-particle orbits are relevant in the configuration space.
